We prove an a priori estimate for spherically symmetric self-gravitating Higgs fields on a class of indecomposable past sets. Our assumption on the potential is only that it be bounded below by a (possibly negative) constant. In the evolutionary context, this estimate implies an extension principle for the maximal development away from the axis of symmetry. While this estimate in no way proves weak cosmic censorship for these systems, it excludes the formation of a certain type of naked singularity which was recently conjectured to occur.
A fundamental open problem in classical general relativity is the problem of weak cosmic censorship, the conjecture that generic asymptotically flat initial data leads to a Cauchy development with a complete null infinity.
In the case of a spherically symmetric scalar field with vanishing potential, the conjecture was resolved in the affirmative by Christodoulou [2] . Previously, Christodoulou had proven [5] that the caveat "generic" was necessary, by constructing explicit examples of naked singularities forming from the collapse of regular data.
It has been suggested recently [15, 14] that the situation changes drastically for self-gravitating Higgs fields with potentials which can become negative: The authors advance certain heuristic arguments to show that a qualitatively different kind of naked singularity can arise and in fact will arise for an open set of initial data. Such matter fields are of course not classical: Higgs fields with negative potential violate the dominant energy condition. Nonetheless, certain (rather speculative) considerations arising from high energy physics indicate that these models might still be relevant.
In this note we will prove a simple estimate for self-gravitating Higgs fields with potential bounded below by a (possibly negative) constant. In the evolutionary context, this estimate shows that TIPs which lie in the regular region 1 and which are locally finite 2 must emanate from the axis of symmetry. Since the past of infinity (in either the asymptotically flat or asymptotically AdS setting) must lie in the regular region, this implies, in particular, that the naked singularities depicted in Section 2 of [15] can in fact never arise.
The equations
We consider a self-gravitating scalar field with potential, i.e., a four dimensional spacetime (M, g) and a function φ on M satisfying:
In this paper we will only consider spherically symmetric solutions of the above system, where by this we understand that SO(3) acts by isometry on M so as for Q = M/SO(3) to inherit the structure of a 1 + 1-dimensional Lorentzian metric with boundary, and moreover, that this SO(3) action preserves φ. We will assume that the quotient manifold Q can be covered by global null coordinates, with bounded range, with respect to which its metric takes the form −Ω 2 dudv. In what follows, we shall always identify Q with the bounded subset of the (u, v) plane defined by such coordinates. The metric on M can then be written −Ω 2 dudv + r 2 γ, where γ is the standard metric on S 2 , and r is the area radius function r : Q → R defined by r(q) = Area(q)/4π. We recall the Hawking mass m = 
Setting
We also easily obtain from the above the equation
We will make the following assumption on the potential V (x):
2 The extension principle
Let Q >0 be a region of the (u, v) plane, and suppose we have continuous functions Ω, r, ν, λ, m, φ, θ, ζ defined on Q >0 , with r > 0, and ν < 0. Immediately, since
, and if f is a continuous real-valued function on U , let |f | U denote sup p∈U |f (p)|. Set
. Assume moreover that the equations (8) − (10) hold pointwise on Q >0 . Recall the definitions of the regular region
the trapped region
and the apparent horizon
From the identity Ω 2 = − 4λν 1−µ = −4κν and the inequality κ > 0, it follows that 1 − µ > 0 on R, and 1 − µ = 0 on A, in particular,
on R ∪ A.
Let Q >0 denote the closure of Q >0 in the topology of the plane, and similarly R, etc., and let J − , J + , D + , etc., refer to the causal structure of the plane. Let p ∈ Q >0 . We say that J − (p) ∩ Q >0 is a locally finite indecomposable past subset of Q >0 if there exists an open (with respect to the topology of the plane) neighborhood U of p, such that U ∩ J − (p) ⊂ Q >0 . In particular, setting p = (u s , v s ), this implies that there exists an ǫ > 0 such that for
. We will call a locally finite indecomposable past subset J − (p) ⊂ Q >0 regular if there exists a U as before, such that U ∩ J − (p) ⊂ R ∪ A. We will assume the following property
The significance of this sort of assumption will be clarified in what follows.
Given the above, we will prove the following extension theorem:
Proof. Choose ǫ, X, u ǫ , v ǫ , as in the statement following the definition of locally finite indecomposable past set, i.e.
By compactness of X, it follows that r, κ, θ, ζ, φ, λ, ν, are uniformly bounded above and below on X:
We proceed to obtain bounds for all quantities at (u * , v * ), independent of the choice of (u
Thus, the bounds (15) hold throughout D + (X) ∩ J − (p). Before proceeding further, note that integrating equation (11) along any constant v curve, in view of the inequality ν < 0, yields that (16) holds throughout D + (X) ∩ J − (p). We now proceed to show a priori bounds for the mass:
, we first show the right inequality of (17). Since J − (p) ∩ D + (X) ⊂ R ∪ A, we have-applying inequalities (12), (14) , and ν < 0, to equation (7)-that
in this region. Integrating the above inequality along v = v * , yields
as desired. To show the left inequality of (17) we proceed similarly, i.e. from the inequality
we obtain, integrating in v,
We have obtained, thus, that (17) indeed holds throughout D + (X) ∩ J − (p). From this bound on m, it now follows by integrating (8) , and (7) that we have uniform a priori integral estimates:
and thus
In view of the sign of ν, and inequality (14), we have that both terms on the left are nonnegative. We obtain in particular
In an entirely similar fashion, we can obtain
Integrating now (4), we obtain
Let us denote by
. These constants are finite in view of assumption (13) . Integrating (9), we obtain
Integrating (6) we obtain
and integrating (5) we obtain
Finally, integrating (10), we obtain that
Note that the above bounds are all independent of (u * , v * ). Thus, we have shown that N (J − (p) ∩ Q >0 ) < ∞. By Assumption 1, we have p ∈ Q >0 . By continuity of r and m, it follows that q ∈ R ∪ A. 2
The problem of evolution and the event horizon
The construction of maximal developments for appropriate Cauchy data (in the asymptotically flat case) or mixed Cauchy-boundary data (in the asymptotically AdS) case requires the choice of a sufficiently regular function space. As solutions will also typically contain an axis of symmetry, an additional timelike boundary has to be considered. The details of such a construction are somewhat elaborate. Nonetheless, if Q >0 denotes the r > 0 subset of such a development, it is clear that for any reasonable such construction, the assumptions of the previous section, in particular Assumption 1, must hold. This follows from an appropriate local existence theorem and the remark that the norm N is sufficiently strong away from the axis of symmetry so that any higher norm can be bounded by N and initial conditions, essentially by solving linear equations.
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In view of the above remarks, in this section, we will assume we are given a Q >0 satisfying the assumptions of the previous section, and satisfying in addition certain global causal assumptions that would follow for spacetimes constructed by solving the Cauchy problem, or mixed Cauchy-boundary problems.
We proceed to list these assumptions: We assume that for all v * , Q >0 ∩{v = v * } is a connected open (possibly empty!) segment of the line {v = v * }, and similarly for {u = u * }. Let us define infinity I to be that subset of Q >0 \ Q >0 -the closure is defined as always with respect to the topology of the plane-with the property that (u, v) ∈ I when r(u, v * ) → ∞ if v * → v. Let us assume, moreover, that I is connected, non-empty, and causal. By the Raychaudhuri equation
The theorem of the previous section can be rephrased as follows:
>0 is a locally finite TIP, then it cannot be a regular locally finite TIP.
5
Consider now the future boundary of J − (I) in Q >0 , which we will denote H. 
e. the TIP defined by p is a locally regular finite TIP. This is a contradiction. Thus H must have a limit point on I.
We illustrate the above remarks with Penrose diagrams of the asymptotically flat and asymptotically AdS cases, with axes of symmetry: If H is empty, then either there are no singularities, or otherwise, Q >0 \ Q >0 contains an outgoing null curve emanating from the axis of symmetry, and meeting I. The 3 Depending on the norm employed, one might want to impose additional regularity of the function V (x). 4 Here we are using the fact that the intersection of Q >0 with any constant-u curve is connected.
5 A terminal indecomposable past set (TIP) is an IP for which p ∈ Q >0 . 6 Note: By defintion, H ⊂ Q >0 . 7 in view of our assumption on the intersection of Q >0 with any null line asymptotically flat and AdS cases are depicted below:
The diagram on the left above represents precisely the causal structure of the naked singularities constructed in [5] for the case V = 0. Otherwise, if H = ∅, the Penrose diagram in the asymptotically flat or anti-de Sitter case will look like 8 :
I H + I H
In particular, the above Penrose diagrams will represent the evolution of the data described in [15] .
In general, we note that in this H = ∅ case, nothing can be said about the behavior of r on the event horizon. In fact, a priori we could have r → ∞, i.e. H could have a limit point on I itself. In the case of a Higgs field with nonnegative potential collapsing from asymptotically flat initial data, it follows from the results of [10] that in this case, a Penrose inequality holds bounding the area radius of the event horizon by twice the final Bondi mass, which is in turn finite. These considerations, however, depend strongly on the validity of the dominant energy condition, which is violated for potentials which become negative.
Weak cosmic censorship?
Weak cosmic censorship is the conjecture that I is complete 9 . We simply remark here that in the above Penrose diagrams, there is nothing in principle 8 In the AdS case, there is also the possibility-in principle-that infinity becomes null in evolution. The rest of the future boundary is simply meant to be indicative of a general achronal curve. The possibility of regular or somewhat regular Cauchy horizons cannot be excluded a priori. 9 Completeness can be defined with respect to an appropriate induced connection on I related to the conformal compactifications given by the Penrose diagrams we are employing. For a definition of the notion of completeness applicable in the general (not necessarily spherically symmetric) asymptotically flat case, without a priori regularity assumptions at infinity, see [3] .
incompatible with an incomplete infinity, despite the fact that H is regular.
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Understanding the global properties of these spacetimes, thus, requires further examination.
